Mathematics WORKED SOLUTIONS

Analysis and Approaches HL

Exercise 1.3

1L @B =fUG)=fC)=fF=2-5=1
(b)(g° /() = g(f(5) =g(2-5) = g(10) = —— ==
© (e =fg@) =f5) =2 ="

(@) (g° ) = g (X)) = g(2x) = 7
2. @ (feg)0)=f(g0)=f2-0)=f2)=2-2-3=1
(b)(g°f)0)=g(f(0)=g(2-0-3)=g(-3)=2—-(-3)>=2-9=-7
QU NB=fFA@N=f2-4=-3)=f(5)=2-5-3=7
@ @eg(=3)=9@G(3)=92-(-3))=g(-7)=2-(-3)*=2-49=-47
@F DD =fEE))=fC-DH=f1)=2-1-3=-1
M@eNE3)=9((-3)=92-(-3)=3)=9g(-9)=2-(-9?=2-81=-79
@ (e =fg)=f2-x*)=2-2-x*)-3=4-2x"-3=1-2x?
(h) (g fHx)=g(f(x) =g(2x—3) =2—(2x —3)*
=2—(4x*—-12x+9)=2—4x*+12x -9
S (gof)(x) =—4x2+12x—7
DG e HE)=fUFEx))=fCx—-3)=2(2x-3)-3=4x—-6-3=4x—-9
@) =g@x) =92—-x*)=g2-2-x%%
=2—(4—4x?>+x*)=2—4+4x% —x*

= (gog)(x) = —x*+4x? -2

3. In each question, when finding the domain of f o g, check the following two conditions:

o theinput x is in the domain of g, because the first rule to be applied to x is g,
the inside function of f (g(x)).

e the output g(x) is in the domain of f (the range of g must be either equal to
or a subset of the domain of ).

The same applies when finding the domain of g o f: x must be in the domain of f, because the
first rule to be applied to x is f, the inside function of g(f(x)), and f(x) is in the domain of g.
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(@
f g
Domain x €ER x ER
Range yeER y€ER
Feg)X)=fgx)=f2+3x)=42+3x)—1=8+12x—-1=7+ 12x
x € R= 2+ 3x € R, this set of values is the same as the domain for f, so the domain
of fogisalsox € R.
(Ge X)) =9g(f(x)=g(@4x—1)=2+4+3M4x—-1)=2+4+12x—-3=12x—1
x € R = 4x — 1 € R, this set of values is the same as the domain for g, so the domain
of go fisalsox € R.
(b)
f g
Domain x€ER x€ER
y €ER,
Range y=1 yER
(fe @) =f(g(x) = f(=2x) = (=2x)* + 1 =4x* + 1
x € R = —2x € R, this set of values is the same set of values as the domain for f,
so the domain of f o g isalso x € R.
Ge N =g(f(x) =gx*+1) =-2(x*+1) =-2x* -2
x € R=> 1+ x? > 1, this set of values is a subset of the domain of g, so the domain
of g o fisalso x € R.
(c)
f g
. x € R,
Domain P x ER
y E R, y €E R,
Range 7=0 y=1

fFeg)@)=f@)=fA+x?)=V1+x2+1=vVx2+2

x € R=> 1+ x? > 1, this set of values is a subset of the domain of f, so the domain
of fogisalsox € R.

G HNXO=9g(fx)=g@Wx+1D) =1+ x+1D?=1+x+1=x+2

x = —1=+vx+1 =0, this set of values is a subset of the domain of g, so the
domainof g o fisalso x = —1.
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(d) f g
Domain X ER, x €ER
x *+ —4
Range YERy+0 yeER
2 2

Fed)=f@)=fx-D=—7=—7

X € R = x—1 € R, but this set of values is not a subset of the domain of f. To be
able to compose the two functions, the x-value, which is the input of g resulting in an
output of y = —4, must be excluded from the domain of g.

x—1=—4= x=—3,50the domain of (f o g)(x) isx € R, x # —3.

2 1= 2-x—4 _ —x-2 x+2

G =g(f(x) = g(==) = —— ¥z _xa2

xX+4 xX+4 x+4 x+4 x+4

xERx#—-4=> x% # 0, this set of values is a subset of the domain of g, so the
domain of (g o f)(x) isalsox € R, x # —4.

(e)
f g
Domain x€ER x ER
Range yER yER
xX—5 x—5
(o) =fg() = f(52)=3-245=x-5+5=x
xER> xg;s € R, this set of values is the same as the domain for f, so the domain of
fogisalsox € R.
3x+5-5 3
(e =g(f(x) = gBx+5) =Z2==T=3
x € R = 3x — 5 € R, this set of values is the same as the domain for g, so the domain
of go fisalsox € R.
()
f g
Domain x ER x€eR
y<1,
Range y€ER yER

(feg)(x) =f(g() = fF(V1—-x2) =2 - (1 —x2)°
=2-(1-x)=2-1+x>=x*+1

x € R= V1 — x2 < 1, this set of values is a subset of the domain of f, so the domain
of fogisalsox € R.
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@o N =g(f@)=g2-x3)=Y1-2-x9)2=31- (- 4x° + x5
3
=y —x6+4x3-3
x € R= 2 —x3 € R, this set of values is the same as the domain for g, so the domain
of go fisalsox € R.

(9)
f g
. x €ER, x €ER,
Domain
x +4 x#0
y ER,
Range eER
g y y+0
. _ ST - B
Fo9)@ =f90) =G = 21 = Fix = 7
xXERx#0= % > 0, but this set of values is not a subset of the domain of f. To be
able to compose the two functions, the x-value, which is the input of g resulting in an
output of y = 4, must be excluded from the domain of g.
%=4:%=x2 :x:i%,sothedomainoffogis:xe]R,xiO,xii%.
2 1 4-x)2
o H =g(f @) = g(22) = =y e
4—X
xERXx+4=> i—xx # 0, but this is not a subset of the domain of g. To be able to
compose the two functions, the x-value, which is the input of f resulting in an output
of y = 4, must be excluded from the domain of f.
:Tx=0:2x=0=>x=0,sothed0mainofgofis:xeR,x¢4,x¢0.
(h)
f g
. x ER, x ER,
Domain
x +—3 x # -3
y ER, y ER,
Range
g y + -3 y #+—3

2 x+3

Fo) =flg) =f(5-3)===-3=2-2"=meR

X+ —-3= % — 3 # —3, this set of values is the same as the domain for f,

so the domain of f o gisalso x € R, x # —3.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics

WORKED SOLUTIONS
Analysis and Approaches HL

G =g(f(x) =g(—=—3) =x

x+3

x€ERx#-3= % — 3 # —3, this set of values is the same as the domain for g,

so the domain of g o fisalso x € R,x # —3.

(M)
f g
Domain *ER, xER
x#1
y € R, y € R,
Range v 1 y>-1
3 2 1) = -1 x*-1
o) =fGeN =f@* -1 =5——=5—
x € R = x? — 1 > —1, but this set of values is not a subset of the domain of f. To be
able to compose the two functions, the x-value, which is the input of g resulting in an
output of y = 1, must be excluded from the domain of g.
x?—1=1=x?=2>=x=+42,s0the domainof fo gisx € R, x # +V2.
x X \2 x?
o = = = —_ 1 - 1
(92N =g(f®) = 9(z=5) = (=) TR
_ x?—(x%-2x+1) _ 2x-1
-2 (x-1)?
xERx#1=> ﬁ # 1, this set of values is a subset of the domain of g,
so the domain of g o f isalsox € R, x # 1.
4 a
(a) ; -
. x ER,
Domain 21 x €ER
y € R,
>
Range y=0 y <10

(gom() = gh(x) = g(10 —x*) =10 —x? — 1 =/9 — x2

x € R = 10 — x2 < 10, this is not a subset of the domain of f. To be able to compose
the two functions, only the x-values which are common to both the domain of g (real
numbers greater than or equal to 1) and the range of h (real numbers less than or equal
to 10) are acceptable, so only real numbers between 1 and 10, including 1 and 10, can
be inputs for g. This means that the domain of g o 4 will not contain the x-values that
will lead to outputs which are less than 1.

10— x2<1>9<x?=>x<-3,x>3,s0thedomainof go his: —3 < x < 3.

The outputs of g o h, corresponding to inputs taking values from the set
{x: —3 < x < 3}, will be elements of the set {y: 0 < y < 3}, so the range of g o h is
0<y<3.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Analysis and Approaches HL

(b) (heg)(x) =h(g(x)) =h(Wx—1)=10—-(Vx—-1)?=10—-x+1=—-x+11
x = 1= +x— 1= 0, this is a subset of the domain of h, so the domain of h o g
isalsox > 1.

The range of h o g is y < 10, as the restriction on the domain of h does not impact
the range of the quadratic y = 10 — x2.

5 (@
f g
Domain X ER, x ER
x*0
y €ER, y ER,
Range y#0 y <10

1

(fo )@ =Fge) = F(10 —x?) = =

x € R= 10 — x? < 10, this set of values is not a subset of the domain of f. To be
able to compose the two functions, the x-value, which is the input of g resulting in an
output of y = 0, must be excluded from the domain of g.

10 —x%2 =0 = 10 = x? = x = +/10, so the domain of f o g is: x € R, x # +/10.

The outputs of f o g will be elements of the set {y: y € R,y # 10}, as the input of g
cannot be 0, sotherangeof f o gis:y € R,y # 0.

0  (@eNE=g(f®))=g(;)=10-=
xXERx#0=> i # 0, this set of values is a subset of the domain of g, so the domain

of gofisalsox € R,x # 0.

The outputs of g o f, corresponding to inputs taking values from the set
{x:x € R,x # 0}, will be elements of the set {y: y € R,y < 10}, (y = 10 is obtained
for x = 0, which is not in the domain), so therangeof go fis: y € R,y < 10.

6. In each of the following, try to identify the rules transforming the input x into the expression
given by f(x), and take into consideration the order in which the two functions are combined.

(@) f(x) = (x + 3)? = 3 is added to x, and the result is squared
= h(x) =x+3,9(x) = x?2

(b) f(x) =+Vx —5 = 5issubtracted from x, and the result is square rooted
= h(x) =x—5,9(x) =Vx

(c) f(x) = 7 —+/x = x is square rooted, and the result is subtracted from 7
=S h(x) =Vx,g(x)=7—x

(d) fx) = ﬁ = 3 is added to x, and the reciprocal of the result is computed

= h(x) =x+3,9(x) =%
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(e) f(x) = 10**1 =1 is added to x, this result is then the power to which 10 is raised
2> h(x)=x+19(x)=10*

() f(x) = Yx — 9 = 9 is subtracted from x, and the result is cube rooted
> h(x)=x—9,9(x) =3Vx

(9) f(x) = |x? — 9] = 9 is subtracted from the square of x, and the absolute value of
result is taken = h(x) = x2 —9,g(x) = |«|

(h) flx) = \/% = the square root of the difference between x and 5, and the reciprocal
1

of the result is computed = A(x) = Vx —5,g(x) ==

X

7. (a) f g
. x €E R,
Domain x>0 x €R
y € R, y € R,
Range )20 y>1

(fod)(xX)=f(g()=fx?+1)=yx2+1+1=x2+2

x € R= x? 4+ 1 > 1, this is a subset of the domain of f, so the domain of
fogisalsox € R.

(b) i 3
Domain 7 ELS x ER
x*0
y ER,
Range Y %0 yER
1
(fo)®) =fg0) = fx+3) = —

x € R = x4+ 3 € R, but this is not a subset of the domain of f. To be able to compose
the two functions, the x-value which is the input of g resulting in an output of y = 0
must be excluded from the domain of g.

x+3=0=x=-3,s0thedomainof fogisx € R, x # —3
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(c)
f g
. x € R,
Domain X+ +1 x €ER
y ER,
Range Y %0 YyER
B et 1) = B 3 3
el =/(g) =/ )_(x+1)2—1_x2+2x+1—1_x2+2x
X € R=> x+ 1 € R, but this set of values is not a subset of the domain of f. To be
able to compose the two functions, the x-values, which are the inputs of g resulting in
the outputs y = +1, must be excluded from the domain of f.
x+1=741=2x=-1+1=>x=0,x=-2,
so the domainof fegisx e R, x # —2,x # 0
(d)
f g
Domain x €R x €R
Range yeER yER

Fe®) =flg)=f(3)=2-3+3=x+3

XER=> % € R, this set of values is the same set of values as the domain for f,
so the domain of f o g isalso x € R.
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